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We study the transport properties of a four-terminal corner junction made by etching a two-
dimensional topological insulator to form a quantum point contact (QPC). The QPC geometry
enables inter-boundary tunneling processes allowing for the coupling among states with different
helicity, while the tight confinement in the QPC region activates charging effects leading to the
Coulomb blockade physics. Peculiar signatures of these effects are theoretically investigated using a
scattering field theory modified to take into account the electron-electron interaction within a self-
consistent mean-field approach. The current-voltage characteristics and the current fluctuations
(noise) are derived beyond the linear response regime. Universal aspects of the thermal noise of the
corner junction made of helical matter are also discussed.
PACS numbers: 73.23.-b, 72.10.-d, 73.43.Jn
I. INTRODUCTION
The recent discovery of topological insulators (TIs),
both in three and in two dimensions, represents a
promising advancement towards quantum technology of
matter1,2. In fact, microscopic laws of physics are invari-
ant under time reversal, but the transport of energy and
information in real devices is an irreversible process. This
irreversibility originates from the device-environment
coupling and limits, for instance, the possibility of quan-
tum computation. The TIs, bulk gapped materials ex-
hibiting conducting channels at the boundaries3, repre-
sent a possible technological platform to limit the deco-
herence induced by dissipative phenomena. Indeed, the
peculiar electronic behavior predicted in devices based
on topological materials, which can be designed as quan-
tum spin-Hall systems4, could provide efficient spin in-
jection protocols avoiding the complexity of working with
nanoscale ferromagnetism5. Principles found in TIs could
inspire the next-generation spintronic devices operating
with low power consumption and/or performing topo-
logical protected quantum computation. A specific ex-
ample of two-dimensional TI is the HgTe/CdTe quan-
tum well which has been demonstrated, both theoreti-
cally and experimentally, to have a single pair of helical
edge states leading to a quantized conductance plateau
when the Fermi energy lies in the bulk gap6–8. Quantized
transport along the HgTe boundaries can be conveniently
explained by an edge channel picture (Fig. 1 (b)): Two
states with opposite spin orientation propagate along op-
posite device edges in the same direction thus leading to
a quantization9 of the conductance in unit of e2/h.
At the aim of exploiting topological protection and
ballistic transport, several proposals of TI-based spin-
transistor have been presented, being the working prin-
ciples based on the sensitivity of the surface currents
to the magnetization direction of a thin ferromag-
netic barrier10, the Aharonov-Bohm and Fabry-Pe´rot
interferometry11–14, the field effect of a single gated HgTe
nanoconstriction15–17.
The simplest non-trivial TI-based device to probe a va-
riety of transport properties exhibited by edge states
can be obtained by creating a narrow constriction,
i.e. a QPC, etched on a quantum spin hall insula-
tor bar as depicted in Fig. 1 (a). Near-equilibrium
spin and charge transport properties of similar two- and
four-terminal geometries have been studied both in the
non-interacting13,18 and in the helical Luttinger liquid
regime19–23. The emphasis of the previous studies was
mainly on the conductance and the zero-frequency noise.
Recently, finite frequency noise has been studied24,25
putting in evidence that tunneling processes of single-
or two-particle contribute differently to the current fluc-
tuations, the latter observation being important in dis-
criminating multiple-quasiparticle (agglomerate) tunnel-
ing events in correlated systems.
However, in order to compare the theoretical models with
the experiments performed on real devices one needs
to take simultaneously into account non-equilibrium ef-
fects, non-perturbative inter-edge coupling, charging ef-
fects and Coulomb blockade physics, non-linear transport
regimes. While most of these requirements are commonly
met in free fermion models described by scattering ap-
proaches, the charging effects are completely missed. On
the other hand, when interaction effects are taken into
account inter-edge coupling is considered at perturbative
level, while the effect of the interaction is modeled as uni-
formly distributed along the edge modes. The latter con-
dition seems to be unlikely in real systems where charging
effects are relevant only in the QPC region, i.e. where the
tight confinement of the electronic densities enables un-
screened Coulomb interaction effects. Furthermore, the
perturbative nature (with respect to the inter-edge cou-
pling) of the interacting theory limits its use to the linear
response regime.
The aim of the present work is to give a comprehensive
description of the interplay of all the above mentioned
factors in the transport properties of a two-dimensional
2topological insulator by studying a minimal model of a
four-terminal topological corner-junction. We give dis-
tinctive features of correlations and interference processes
among helical edge states, useful for future experiments.
In particular, our analysis, based on a modified scattering
field theory, is focussed on a QPC geometry obtained by
etching a two-dimensional TI giving rise to a 4-terminal
corner junction [Fig. 1 (a)]. In this geometry inter-edge
tunneling processes take place, while the tight confine-
ment in the QPC region activates charging effects lead-
ing to a Coulomb-blockade-like physics. We describe all
the peculiar signatures of these effects in the charge cur-
rent and its fluctuation even beyond the linear response
regime and suggest how to control edge-state transport
by means of all electrical gating (side-gate control).
The organization of the paper is the following. In Sec. II
we introduce an effective one-dimensional model to de-
scribe edge states at the surface of a two-dimensional
topological insulator and their coupling in the QPC ge-
ometry. Here we present the model of four-terminal
setup and its operational configuration. A discussion
on the symmetry-preserving mean-field approximation of
the interacting part of the Hamiltonian is also provided
in Subsec. II A. In Sec. III we introduce the scattering
field approach and the basic formalism used to calcu-
late the current-voltage curves and the current-current
correlations in terms of the scattering matrix elements,
with emphasis on the role of the charging energy ef-
fect on the QPC. The modified boundary conditions and
the self-consistency constraints are presented in Sub-
sec. III A. Results are presented in Sec. IV. In partic-
ular, in Subsec. IVA we show the results concerning
current-voltage characteristics and the differential con-
ductance, with particular care in defining the properties
of the Coulomb blockade regime. In Subsec. IVB we
introduce the general expression of the finite-frequency
current-current correlation which also includes finite tem-
perature effects, non-linear regime and non-equilibrium,
non-local information and interaction effects. Thermal
noise (IVC), local (IVD) and non-local (IVE) transport-
induced fluctuations are carefully discussed and com-
pared to the non-interacting case. Finally, we discuss
our conclusions in Sec. V.
II. MODEL HAMILTONIAN
In the following we formulate a minimal model de-
scribing the electronic transport in the corner junction
depicted in Fig.1 (a). In this system the confinement
effects at the QPC locally activate the spin-orbit inter-
action and cause unscreened charging effects; while the
former is responsible for spin-flipping tunneling effects,
the latter gives origin to the Coulomb repulsion and pos-
sibly Coulomb blockade physics. We thus consider an
effective one-dimensional Hamiltonian H describing edge
states localized along the top and bottom boundaries of
a quantum well defining a two-dimensional topological
(a) (b)
FIG. 1: (color online) (a) Point-like constriction (i.e. linear
dimension l ≤ λF , λF being the Fermi wave length) obtained
by etching a two-dimensional topological insulator. A side-
gate (Vg) can be used to tune the electronic density in the con-
striction, while a four-terminal geometry is considered. (b)
Sketch of the bands structure of a two-dimensional topologi-
cal insulator. Helical states, having linear energy-momentum
dispersion, describe the system as long as the particle energy
ranges inside the bulk insulating gap ∆bulk. Coulomb interac-
tion effects are assumed to be relevant only in the constriction
region (QPC).
insulator and pinched to form a QPC:
H = H0 +Hsp +Hsf +HC , (1)
where26:
H0 = −i~vF
∑
σ=↑,↓
∫
dx [: ψ†Rσ(x)∂xψRσ(x) :
− : ψ†Lσ¯(x)∂xψLσ¯(x) :], (2)
ψR(L)σ represents the right (left) mover electron annihi-
lation operator with spin σ =↑, ↓, while : O : stands for
the normal ordering of the operator O with respect to
the equilibrium state defined by occupied energy levels
below the Fermi sea. In our description, without loss
of generality, we assume that spin-↑ right movers (R, ↑)
and spin-↓ left movers (L, ↓) flow along the top bound-
ary while the spin-↓ right movers (R, ↓) and spin-↑ left
movers (L, ↑) flow along the bottom boundary.
At the nanoconstriction (x = 0) the edge modes are
coupled by transverse confinement effects and the over-
lap between edge states belonging to different boundaries
leads to the twofold effect, one of producing a local re-
activation of the spin-orbit coupling27 and the other one
of enabling Coulomb repulsion effects. Indeed, at the
QPC (x = 0) inter-boundary tunneling events may take
place and the only terms which preserve time-reversal
symmetry28 can be distinguished in spin-preserving and
spin-flipping tunneling described by the following contri-
butions to the Hamiltonian:
Hsp =
∑
σ=↑,↓
∫
dx [Γsp(x)ψ
†
Rσ(x)ψLσ(x) +
+Γsp(x)
∗ψ†Lσ¯(x)ψRσ¯(x)], (3)
3Hsf =
∑
α=L,R
∫
dx ξα[Γsf (x)ψ
†
α↑(x)ψα↓(x) +
+Γsf (x)
∗ψ†α↓(x)ψα↑(x)], (4)
where α = {L,R}, ξR = +1, ξL = −1 is the chirality,
while Γsf(sp)(x) are the space-dependent tunneling am-
plitudes: Γsf(sp)(x) = 2~vF γsf(sp)δ(x). Here the local
modification of the spin-orbit coupling27 at x = 0 gov-
erned by γsf produces an effective spin-flipping mecha-
nism. Concerning the electron-electron interaction, the
only terms that preserve the time-reversal symmetry of
the system are the dispersive
Hd =
∑
α=L,R
∫
dxg2⊥(x) : ρα↑(x)ρα¯↓(x) :, (5)
and the forward scattering
Hf =
∑
α=L,R;σ
∫
dx
g4‖(x)
2
: ρασ(x)ρασ(x) :, (6)
where ρασ =: ψ
†
ασψασ : denotes the electron density with
α = L,R and spin σ. Thus, in Eq. (1), the Coulomb
repulsion originated by unscreened charges at the QPC
is accounted for HC = Hd +Hf . The local nature of the
interaction suggests that the coupling functions g2⊥(x),
g4‖(x) are different from zero only at the QPC, while
the case of pure Coulomb repulsion requires g2⊥(x) =
g4‖(x) > 0. Accordingly, we assume g2⊥(x) = gdWδ(x)
and g4‖(x) = gfWδ(x), with gd = gf ≡ g, where W is
the area of the QPC.
In the presence of side gates Vg acting at top and bot-
tom sides of the QPC, an additional term appears in the
Hamiltonian:
Hg =
∑
α,σ
∫
dxeVg(x)ρασ , (7)
where the local action of the gate is modeled by Vg(x) =
VgW 12 δ(x), being W 12 ∼ l the length of the QPC.
As a final comment, we notice that the delta-like nature
of the potentials introduced inHC does not limit the gen-
erality of our model as long as the low energy regime is
considered. Indeed, an incoming electron of momentum
kE = E/(~vF ) is not able to resolve the internal structure
of the QPC region if the relation kEl/(2π)≪ 1 is fulfilled.
Thus within the low energy regime (E ≪ hvF /l ≡ ET )
our results are not affected by the simplified assumptions
we made, while beyond this regime model-dependent fea-
tures are expected. However, the energy scale ET , esti-
mated by assuming vF ≈ 3.2 · 105 m/s and l = 20 nm,
takes a value which is several times bigger than the topo-
logical insulator bulk gap ∆bulk (ET ∼ 1.3/lnm eV, lnm
being the QPC length expressed in nm). Thus the low en-
ergy condition which ensures the generality of the model
is always satisfied as long as we consider the energy range
in which the topological edge states represent the relevant
modes involved in the charge transport.
A. Symmetry-preserving mean-field approximation
of HC
The model of corner junction described so far con-
tains the term HC which is difficult to be treated within
the scattering matrix formalism. Since we are interested
in describing the Coulomb blockade physics, which is
a fundamentally classical effect, it is sufficient a mean
field treatment of the interaction. In performing this,
however, a symmetry preserving approximation is re-
quired. Indeed, the original Hamiltonian describes a
time reversal invariant system, which is a property to
be preserved after the approximation has been made. In
general the mean field treatment substitutes the inter-
action HC with a single particle operator of the form
HmfC ∼ λ1ρR↑+λ2ρR↓+λ3ρL↑+λ4ρL↓. The time reversal
operator T = τx⊗iσyC, being C the conjugation operator,
produces the field transformation T ψασT −1 = ζσψα¯σ¯,
with ζ↑(↓) = +1(−1), and the notation α¯ (σ¯) denoting
the chirality (spin projection) opposite to α (σ). As a
consequence the approximated interaction Hamiltonian
preserves the time reversal invariance, i.e. T HmfC T −1 =
HmfC , provided that λ1 = λ4 and λ2 = λ3. The stan-
dard mean field approximation of HC leads to the single
particle operator HmfC ≈
∫
dx
∑
ασ Uασ(x)ρασ(x), where
Uασ(x) = g2⊥(x)〈ρα¯σ¯〉+ g4‖(x)〈ρασ〉 (8)
are electrostatic potentials describing the Coulomb re-
pulsion originated by the electron densities 〈ρασ〉 at
the QPC. These potentials, to be determined self-
consistently, have the appropriate symmetry properties
(i.e. UR↑(x) = UL↓(x) and UR↓(x) = UL↑(x)) to make
HmfC a time reversal preserving approximation of HC .
Thus in the following we make the substitution HC →
HmfC .
III. SCATTERING FIELDS APPROACH
We now formulate a scattering field theory a` la
Bu¨ttiker29 able to describe coherent spin and charge
transport in the system shown in Fig. 1 (a).
The charge or spin current operators Jˆc/s in first quan-
tization are written as follows:
Jˆc = vF eτˆz ⊗ I2×2 (9)
Jˆs = vF
~
2
τˆz ⊗ σˆz,
where σˆz(τˆz) stands for the Pauli matrix, I2×2 is the iden-
tity matrix acting on the spin sub-space of the Hilbert
space given by the tensor product |α〉 ⊗ |σ〉 (α ∈ {R,L},
σ ∈ {↑, ↓}). To build a scattering field theory, one first
defines the scattering field corresponding to each termi-
nal i = 1, . . . , 4 in terms of the incoming (aˆασ(E)) and
4outgoing (bˆασ(E)) electron operators, according to:
Ψˆ1(x, t) =
∫
dE
e−iEt/~√
hvF
[
aˆR↓(E;x) + bˆL↑(E;x)
]
(10)
Ψˆ2(x, t) =
∫
dE
e−iEt/~√
hvF
[
aˆR↑(E;x) + bˆL↓(E;x)
]
Ψˆ3(x, t) =
∫
dE
e−iEt/~√
hvF
[
aˆL↓(E;x) + bˆR↑(E;x)
]
Ψˆ4(x, t) =
∫
dE
e−iEt/~√
hvF
[
aˆL↑(E;x) + bˆR↓(E;x)
]
,
where aˆασ(E;x) = aˆασ(E)|α〉 ⊗ |σ〉 exp(iηαkEx) with
ηR = −ηL = 1 and the wavevector kE = E/(~vF ) (and
similarly for bˆ) .
Then, the second-quantized current operators Jˆ
(i)
c/s =
Ψˆ†i Jˆc/sΨˆi in the terminal i are explicitly given by (ν ∈
{c, s}):
Jˆ
(i)
ν = ǫigν
[
(ξν)
i+1aˆ†i aˆi + (ξν)
ibˆ†i bˆi
]
, (11)
where gc = |e|/h, gs = 1/(4π), ξc/s = ∓1 and ǫ1,4 =
−1 = −ǫ2,3. In writing Eq. (11) we made use of
the Fourier transform aˆi(t) =
∫
dEaˆi(E) exp[−iEt/~],
while the following correspondence has been made:
[b1, b2, b3, b4]
t = [bL↑, bL↓, bR↑, bR↓]t, [a1, a2, a3, a4]t =
[aR↓, aR↑, aL↓, aL↑]t.
The expectation value 〈Jˆ(i)ν 〉 can be computed making use
of the scattering relation bj =
∑
i Sjiai and from quan-
tum statical average 〈aˆ†j(E)aˆi(E′)〉 = δijδ(E −E′)fi(E),
being fi(E) the Fermi-Dirac distribution with electro-
chemical potential µi = µ + eVi. After direct computa-
tion we get:
〈Jˆ(i)ν 〉 = ǫigν
∫
dE
∑
j
[
δij(ξν)
i+1+(ξν)
i|Sij(E)|2
]
fj(E).
(12)
The charge current fluctuations are described by the
operators δIˆi(t) = Jˆ
(i)
c (t) − 〈Jˆ(i)c (t)〉 and can be com-
puted within the scattering formalism. In this con-
text 〈δIˆi(t)〉 = 0, while the current-current correlation
function30
Kij(τ) =
1
2
〈{δIˆi(t), δIˆj(t+ τ)}〉 (13)
contains non-local information on the spectral den-
sity of the current fluctuations, Sij(Ω) = 2Kij(Ω),
being the Fourier transform defined as Kij(Ω) =∫
dτKij(τ) exp[iΩτ ]. The non-local spectral density
Sij(τ) =
∫
dEdE′ exp
[
i
E′ − E
~
τ
]
× (14)
∑
m,µ
A(i)mµ(E,E′)A(j)µm(E,E′)fm(E)(1 − fµ(E′)) +
+(i→ j, j → i; τ → −τ),
is explicitly written in terms of scattering matrix ele-
ments according to the relation:
A(i)µm(E,E′) = (−)i+1ǫigc[δiµδim − S∗iµ(E)Sim(E′)].
(15)
Eq. (14) contains information on the fluctuation proper-
ties of the charge currents flowing through the junction
and contains the equilibrium noise contribution (ther-
mal noise) and the non-equilibrium (shot-noise) term.
Thus effects of finite bias, temperature and frequency
Ω are simultaneously taken into account in our formula-
tion. Here it is worth to mention that in our notation
the Kirchhoff’s law is written as follows:
〈Jˆ(1)c 〉+ 〈Jˆ(2)c 〉 − 〈Jˆ(3)c 〉 − 〈Jˆ(4)c 〉 = 0, (16)
due to our choice of the area vectors encircling the lead
regions. Eq. (16) takes the form
∑
i〈Jˆ(i)c 〉 = 0 when
the substitution Jˆ
(i)
c → ǫi(−)iJˆ(i)c is made. As the ef-
fect of the mentioned substitution the spectral density
is redefined accordingly: Sij(τ) → ǫiǫj(−)i+jSij(τ). Al-
though the physical equivalence of the area vector con-
ventions, in the following we will work within the new
conventions ([Jˆ
(i)
c ]new = ǫi(−)i[Jˆ(i)c ]old, [Sij(τ)]new =
ǫiǫj(−)i+j [Sij(τ)]old) to better compare our results with
the existing literature.
In order to capture non-equilibrium charging effects at
the QPC a self-consistent evaluation of Uασ(x) is re-
quired. In our model, however, interaction effects are
approximated by ultralocal potentials and thus the mean
field terms Uασ(x) are determined by the electron den-
sities 〈Ψˆ†i (x, t)Ψˆi(x, t)〉x=0 at the QPC. Within the scat-
tering formalism the particle density at the QPC can be
evaluated according to the formula:
〈Ψˆ†j(x, t)Ψˆj(x, t)〉x=0 =
∫
dE
hvF
f (j)ne (E), (17)
where the non-equilibrium distribution f
(j)
ne (E) =∑
i[δji + |Sji(E)|2]fi(E) accounts for the perturbation
of the occupation number of a scattering state due to
the presence of the QPC, while (hvF )
−1 represents the
one dimensional density of states. As will be clear in the
following discussion, the scattering matrix of the prob-
lem is energy-independent and all the integrals present
in the theory can be performed analytically. In the fol-
lowing discussion, however, simplifying approximations
are made in order to put in evidence the physics behind
the formalism. In particular, in the experimental relevant
temperature range (low temperature regime) Eq. (17) is
well approximated by its zero temperature value31 and
thus the charge density imbalance at the QPC takes the
form:
δQ(i) = CQ[Vi +
∑
j
|Sij |2Vj ], (18)
where CQ = e
2/(hvF ) is the quantum capacitance of the
junction, while δQ(i) = −|e|(〈Ψˆ†i (x, t)Ψˆi(x, t)〉x=0 − ρ0)
5represents the charge density imbalance induced by a
shift of the electron density with respect to the equi-
librium value ρ0 = 2(µ+∆bulk/2)/(hvF ), where µ is the
chemical potential and ∆bulk is the bulk gap. Eq. (18)
shows that changing the electrochemical potential of the
four terminals of the same amount eVj ≡ eV produces
the charge density imbalance δQ = 2CQV . This is equiv-
alent to the field effect produced by a back-gate acting
below the whole hetero-structure.
A. Boundary conditions and self-consistent
computation of the scattering matrix
The scattering matrix Sij is a four by four unitary ma-
trix whose diagonal entries vanish by helicity and time-
reversal symmetry while all the other entries can be ex-
plicitly determined as a function of the tunneling ampli-
tudes γsp, γsf by imposing the proper boundary condi-
tions (BCs) on the wave functions12,13,18. Since the wave
functions are continuous in the regions x < 0 and x > 0,
we only have to impose the matching conditions where
Dirac delta potentials are present, i.e. at x = 0. By using
the equation of motion of the quantum field ψασ(x), i.e.
[
−i~vF ξα∂x + 2~vF δ(x) uασ(x) − E
]
ψασ(x) +(19)
+2~vF
[
γspψα¯σ(x) + γsf ξαψασ¯(x)
]
δ(x) = 0,
with
uασ(x) = u
[
〈ρα¯σ¯(x)〉 + 〈ρασ(x)〉
]
+ug, (20)
being u = gW2~vF the interaction parameter [notice that
g2⊥(x) = g4‖(x) = gWδ(x)] and ug = eVg
√W
2~vF
, and ex-
plicitly taking into account the properties of the Dirac
delta potential under integration, one obtains the follow-
ing matching conditions (ψασ(x = 0
±) ≡ ψ(±)ασ , uασ(x =
0±) ≡ u(±)ασ ):
− iξα[ψ(+)ασ − ψ(−)ασ ] + γsp[ψ(+)α¯σ + ψ(−)α¯σ ] + (21)
+ ξαγsf [ψ
(+)
ασ¯ + ψ
(−)
ασ¯ ] + u
(+)
ασ ψ
(+)
ασ + u
(−)
ασ ψ
(−)
ασ = 0.
In Eq. (21) we make the substitution u
(±)
ασ → uασ =
[u
(+)
ασ + u
(−)
ασ ]/2 which is equivalent to consider the spa-
tial average uασ of the self-generated Coulomb potential
computed by using the values taken just after and before
the constriction. Due to the time reversal symmetry we
have uR↑ = uL↓ = u1 and uR↓ = uL↑ = u2, while the
mean field self-consistency is provided by the equations
u1 =
u
2
∑
µ=±
[〈ρR↑〉(µ) + 〈ρL↓〉(µ)] + ug (22)
u2 =
u
2
∑
µ=±
[〈ρR↓〉(µ) + 〈ρL↑〉(µ)] + ug.
The explicit form of Eqs. (22) in terms of the scattering
matrix elements is given by the nonlinear equations in
the unknown parameters u1 and u2:
(
u1
u2
)
= (uρ0 + ug)
(
1
1
)
+M


v1
v2
v3
v4

 , (23)
being the M matrix expression reported in Appendix A.
Eqs. (23) must be solved self-consistently since the ma-
trix elements of M depends on u1 and u2 themselves
through the scattering matrix elements (see Eq. (A1)
of Appendix A). The dimensionless parameters vi rep-
resent the electrochemical potential shift imposed to the
i-th lead as the effect of the voltage bias and are de-
fined by vi = |e|Vi/(µ + ∆bulk2 ), while the dimensionless
quantity uρ0+ug is related to the field effect induced by
the side-gate Vg. The scattering matrix elements, which
completely define the self-consistency relations, can be
determined making the substitutions


ψ
(+)
R↑
ψ
(+)
R↓
ψ
(+)
L↑
ψ
(+)
L↓

→


b3
b4
a4
a3

 ,


ψ
(−)
R↑
ψ
(−)
R↓
ψ
(−)
L↑
ψ
(−)
L↓

→


a2
a1
b1
b2

 (24)
within the Eqs. (21) also taking into account the scat-
tering relation bi =
∑
j Sijaj . The scattering matrix
S[u1, u2, γsp, γsf ] determined according to the above pro-
cedure is given in Eq. (B1) of Appendix B and para-
metrically depends on the self-consistency parameters
u1 and u2 to be determined by solving the nonlin-
ear problem given by Eqs. (23). The scattering ma-
trix S[u1, u2, γsp, γsf ] depends explicitly on the details
of the QPC encoded by the tunnel probabilities γsf/sp
and presents an hidden dependence on the voltage bias.
Importantly, it does not depend on the energy of the
scattering processes. It is also worth to mention that
Eq. (B1) provides a system description beyond the lin-
ear response theory and correctly reproduces the limit
of negligible interaction (i.e. u1/2 → 0)12 and of un-
coupled boundaries (i.e. γsf → 0, γsp → 0). In the
latter case the scattering matrix describes the reflection-
less transport of helical states moving along separate
boundaries and its non-vanishing elements are simply the
phase factors S14 = S41 = − exp(2i arctan(1/u2)) and
S32 = S23 = − exp(2i arctan(1/u1)). In particular the
renormalization of the tunneling amplitudes promoted
by the interaction is well captured by the present for-
malism. For instance, supposing γsf = 0 and assuming
γsp as a small perturbation, we get |S14|2 = |S23|2 ≈
1−4γ˜2sp+o(γ4sp) and |S12|2 = |S34|2 ≈ 4γ˜2sp+o(γ4sp) where
the renormalized tunneling parameter is related to its
bare value by the relation γ˜sp = γsp/
√
(1 + u21)(1 + u
2
2).
The renormalized tunneling describes a lowering of inter-
edges scattering probability induced by the interaction
(i.e. γ˜sp < γsp).
6This behavior is in qualitative agreement with a renor-
malization group argument on the spin preserving and
spin-flipping scattering within a helical Luttinger liquid
model23,32. When these terms become relevant, the tun-
neling amplitudes depend as a power-law on the Lut-
tinger parameter, which is linear in the Coulomb inter-
action U , for small U .
Once the scattering matrix has been determined, the
charge current and its fluctuation can be computed.
IV. RESULTS
In the following we present the current-voltage charac-
teristics and the current fluctuations assuming that the
chemical potential is located in the middle of the topo-
logical insulator bulk gap, i.e. µ = 0. As a consequence,
the energy shift imposed by the voltage bias to the local
electrochemical potentials takes the form |e|Vj = ∆bulk2 vj ,
while the dimensionless energy shifts vj are chosen in the
interval ] − 1, 1[, the latter condition ensuring that only
topological edge states are involved in the charge trans-
port. Within a real topological heterostructure going be-
yond this limit implies that the charge current is partially
supported by states (not included in the theory) having
energy above the insulating gap.
For a QPC of nanometric size (
√W ∼ 20 nm), the di-
mensionless parameter ρ0u = πgW∆bulk/(hvF )2 can be
estimated to be of order ∼ 0.5 − 5. The latter esti-
mate comes from identifying g with the charging energy
e2/(2C), being C the capacitance of the nanometric con-
striction varying in the aF range.
A. Current-voltage characteristics and differential
conductance
We study the current flowing through the system as-
suming the T = 0 limit which is appropriate to describe
experiments performed in thermal bath with tempera-
ture ranging from tens of mK to few Kelvin. Under this
condition, since the scattering matrix does not depend
on the energy, the charge current I
(i)
ch flowing through
the i-th lead can be written as
I
(i)
ch = I0
∑
j
[
δij − |Sij |2
]
vj , (25)
where I0 = |e|∆bulk/(2h) is used as current unit. In par-
ticular, if the value of the bulk gap is δ meV, I0 takes
values in the nA range, i.e. ∼ 19.3 nA × δ. Despite
the linear response form of Eq. (25), the hidden depen-
dence on the applied voltages of the scattering matrix de-
termines non-linear current-voltage characteristics. The
deviation from the ohmic behavior and the current sup-
pression at low bias originates from the Coulomb repul-
sion at the QPC and represents a clear signature of the
Coulomb blockade regime. Since the electron density
within the constriction can be tuned by using the side-
gate ug, the Coulomb blockade regime can be switched on
and off by using all-electrical means33. In order to put
in evidence the renormalization effects induced by the
Coulomb interaction, we focus on a crossed voltage-bias
configuration for which the leads 1 and 3 are grounded
(i.e. V1 = V3 = 0), while a finite voltage drop V is applied
to the leads 2 and 4, i.e. V2 = V/2 and V4 = −V/2. Ac-
cordingly, the explicit expression of the charge currents
I
(1)
ch and I
(2)
ch in terms of the scattering matrix elements
can be written in the form:
I
(1)
ch =
e2
h
[
|S14|2 − |S12|2
]V
2
(26)
I
(2)
ch =
e2
h
[
1 + |S24|2
]V
2
, (27)
while the charge conservation implies that I
(3)
ch = −I(1)ch
and I
(2)
ch = −I(4)ch . The usefulness of the crossed bias
configuration in recognizing the renormalized junction
parameters is evidenced in Eqs. (26)-(27). Indeed, one
expects that I
(2)
ch is essentially linear with respect to the
applied bias since |S24|2 ∼ γ2sf is only a weak perturba-
tion, while important renormalization effects and nonlin-
ear behavior are expected for I
(1)
ch . In fact, in the limit of
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
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FIG. 2: (color online) I
(1)
ch (full line) and I
(2)
ch (dashed line)
as a function of the voltage drop V . The remaining model
parameters have been fixed as follows: γsp = 0.4, γsf = 0.1,
ρ0u = 3 and ug = −3. The charge conservation implies I
(3)
ch =
−I
(1)
ch and I
(2)
ch = −I
(4)
ch , so that
∑
j I
(j)
ch = 0 is respected. Here
and in Figs. 3, 4, 7, 8 we set ∆ ≡ ∆bulk to shorten the axis
label.
small inter-edge coupling, i.e. γsp ≪ 1, and γsf = 0, one
obtains
I
(1)
ch ≈
e2
h
[
1− 8γ˜2sp
]V
2
(28)
I
(2)
ch ≈
e2
h
V
2
. (29)
The functional form of I
(1)
ch is useful in identifying the
renormalized tunneling amplitude γ˜2sp as a function of
the applied bias when experimental data are analyzed.
This is confirmed by Fig. 2, where the charge currents
7I
(1)
ch (full line) and I
(2)
ch (dashed line) are represented as a
function of V , while fixing the remaining parameters as
shown in the figure caption. The I
(1)
ch vs V curve shows
a clear Coulomb blockade region at low bias, while an
ohmic behavior is detected for I
(2)
ch . To further charac-
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FIG. 3: (color online) Contour plot of the dimensionless dif-
ferential conductance G = (e2/h)−1
dI
(1)
ch
d(V/2)
as a function of the
applied voltage eV/∆ and of the side-gate voltage ug . The
junction parameters are: γsp = 0.4, γsf = 0.1, ρ0u = 3.
Darker areas represent lower conductance values, while each
contour line is labeled by the corresponding conductance
value. At low bias, the Coulomb Blockade region is evident.
terize the Coulomb blockade regime, in Fig. 3 we show the
normalized differential conductance G = (e2/h)−1 dI
(1)
ch
d(V/2)
as a function of the applied voltage eV/∆ and of the side-
gate voltage ug, while the remaining parameters are fixed
as done in Fig. 2. The minimum conductance value is ob-
tained for V = 0 and ug = −3, while the conductance
progressively increases and the linearity of the current-
voltage curve is gradually recovered as the voltage of
the side gate ug is moved from the value -3. We have
also verified that for different values of ρ0u the Coulomb
blockade region is always centered at a side-gate value
ug = −ρ0u. This feature is evident in Fig. 4 where
the differential conductance G is shown as a function
of the bias voltages for ρ0u = 0.5 (upper left panel),
ρ0u = 1 (upper right panel), ρ0u = 2 (lower left panel)
and ρ0u = 3 (lower right panel), while the junction pa-
rameters have been fixed as γsp = 0.4, γsf = 0.1. At low
bias (V ≈ 0), the Coulomb blockade regime is induced
by side-gate voltages ug ∈ [−3ρ0u/2,−ρ0u/2], and the
extension of the Coulomb blockade region is of the or-
der of ρ0u along the ug axis. The Coulomb blockade
regime vanishes for side-gate values fulfilling the condi-
tion |ug + ρ0u| > ρ0u/2. Apart from specific aspects re-
lated to the multi-terminal nature of the device, here we
notice that ρ0u/2 ∝ g ∼ e/C plays the same role of the
critical voltage Vc = e/C defining the Coulomb diamond
extension in the conventional Coulomb blockade theory.
Furthermore, despite the zero-temperature limit consid-
ered here, the transition from Coulomb blockade and con-
ducting regime as a function of V is not sharp (See for in-
stance the behavior of I
(1)
ch close to eV/∆ = 0.5 in Fig. 2).
This behavior originates from the multi-terminal nature
of the system which allows a non-thermal smearing of
the current-voltage curves due to the current leakage to-
wards a different electrode. Thus, the current leakage
plays the same role of the thermal fluctuations (at finite
temperature) in removing the Coulomb blockade.
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FIG. 4: (color online) Contour plot of the dimensionless dif-
ferential conductance G = (e2/h)−1
dI
(1)
ch
d(V/2)
as a function of the
applied voltage eV/∆ and of the side-gate voltage ug. The
junction parameters are: γsp = 0.4, γsf = 0.1, while ρ0u = 0.5
for the upper left panel, ρ0u = 1 for the upper right panel,
ρ0u = 2 for the lower left panel and ρ0u = 3 for the lower
right panel. The Coulomb blockade regime is removed when
ug verifies the condition |ug + ρ0u| > ρ0u/2.
B. Current-Current correlations and noise
Exploiting the energy independence of the scattering
matrix of the problem, we can write the finite frequency
spectral density of the current fluctuation Sij(Ω) in the
following form:
Sij(Ω) = e
2
h
[
(δij − |Sji|2)Fii(Ω)− |Sij |2Fjj(Ω)
+
∑
mn
S∗imSjmS
∗
jnSinFmn(Ω)
]
, (30)
8where we introduced the integral function
Fmn(Ω) =
∫ ∆bulk/2
−∆bulk/2
dE
[
fm(E)(1 − fn(E − ~Ω))
+ fn(E)(1 − fm(E + ~Ω))
]
, (31)
which can be analytically determined. The frequency
resolved quantity Sij(Ω) [see Eq. (30)] takes simultane-
ously into account finite temperature and finite bias ef-
fects and presents a non-linear dependence with respect
to the applied voltage. Thus, within this framework, non-
equilibrium effects under non-linear response of the sys-
tem can be fully accounted for. In the following we focus
on the zero-frequency noise component Sij(Ω→ 0). Ex-
perimentally, Sij(Ω → 0) is determined from the flat re-
gion of the spectrum (frequencies above few tens of kHz)
where one can neglect the contribution of 1/fγ noise,
which is instead dominant at low frequency. Since the
flicker noise completely masks any frequency dependence
of Sij(Ω), the only experimentally accessible information
is encoded in the zero frequency fluctuation.
C. Thermal noise
In the absence of applied bias (Vj = 0) thermally acti-
vated particles can gain a sufficient amount of energy to
escape from a given electrode. As a consequence, within
a given time interval, a particles number fluctuation is
possible even in the absence of a net dc current. These
equilibrium processes, which can be of local and non-
local nature, are mathematically characterized by taking
the zero-frequency limit of Eq. (30) assuming a grounded
configuration of the electrodes34 (Vj = 0). Using the time
reversal symmetry (|Sij |2 = |Sji|2) and the conservation
of the helicity (Sii = 0), the local component of thermal
noise detected in the ith lead can be written as
Sth ≡ Sii(Ω = 0) = SUth
exp(∆bulk2kBT )− 1
exp(∆bulk2kBT ) + 1
, (32)
while the non-local component (i 6= j) of the thermal
fluctuation takes the form
S(th)ij (Ω = 0) = −SUth|Sij |2
exp(∆bulk2kBT )− 1
exp(∆bulk2kBT ) + 1
. (33)
Both the local and non-local components of the thermal
fluctuation have a multiplicative universal factor SUth =
4kBT (e
2/h) and a factor depending on the insulating gap
∆bulk. At low temperature, however,
exp(
∆bulk
2kBT
)−1
exp(
∆bulk
2kBT
)+1
ap-
proaches 1 and thus the local component of the thermal
noise becomes a universal quantity which does not de-
pend on the conductance of the corner junction. The
latter property is specific of the helical nature, while in
conventional materials (not-helical) the thermal noise is
affected by the not universal value of the junction con-
ductance. The temperature T ∗ below which Sth becomes
universal depends on the value of the insulating bulk
gap of the topological insulator. In Fig. 4 we report
the temperature behavior of the local component of the
thermal noise normalized to SUth for ∆bulk = 4 meV, 10
meV, 30 meV. The considered values of ∆bulk are, respec-
tively, appropriate for the two-dimensional topological in-
sulators AlSb/InAs/GaSb/AlSb, CdTe/HgTe/CdTe and
Bi2Se3/graphene/Bi2Se3
35,36. As shown in Fig. 5, the
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FIG. 5: (color online) Thermal noise of the ith lead com-
pared to the universal value SUth = 4kBT (e
2/h). The uni-
versal behavior of the thermal noise is reached below a cer-
tain temperature T ∗ which is related to the value of the
bulk insulating gap of the topological insulator assumed as
energy cut-off of the one-dimensional theory. Different val-
ues of ∆bulk are considered: ∆bulk = 4 meV, appropri-
ate for AlSb/InAs/GaSb/AlSb; ∆bulk = 10 meV, appropri-
ate for CdTe/HgTe/CdTe; ∆bulk = 30 meV, appropriate for
Bi2Se3/graphene/Bi2Se3
35,36.
universal character of Sth becomes evident as the ratio
∆bulk/(2kBT ) increases, i.e. when the bath temperature
decreases below a certain gap-dependent temperature T ∗
[37]. In the case of a CdTe/HgTe/CdTe nanostructure
(∆bulk = 10 meV), the helical nature of the system can
be probed at a bath temperature T ∗ ≈ 7.2 K, which is
much higher than the mK range usually required to ver-
ify the emergence of a topological phase in the quantum
well. Accordingly, the measure of the thermal noise Sth
of the junction contains information on the helical nature
of the system, the latter being already evident at bath
temperature of few Kelvin.
Information on the junction parameters γsf/sp can in-
stead be deduced from the non-local component of the
thermal fluctuations described by S(th)ij (Ω = 0), i 6= j.
For instance, a corner junction with negligible reacti-
vation of the spin-orbit coupling within the QPC re-
gion is described by γsf = 0 and presents negligible
non-local fluctuations between a couple of electrodes
only connected by spin-flipping tunneling processes, i.e.
S(th)13 = S(th)31 = S(th)24 = S(th)42 = 0. On the other hand,
for γsf 6= 0, the ratio between the correlation functions
9S(th)13 /S(th)12 = (γsf/γsp)2 is a temperature independent
quantity depending on the relative frequency of spin-
preserving and spin-flipping tunneling events. At suffi-
ciently low temperature S(th)ij /SUth = −|Sij |2 and thus
the non-local thermal fluctuation can be studied as a
function of the side-gate voltage ug. The latter analy-
sis is performed in Fig. 6 where S(th)ij /SUth = −|Sij |2 vs
ug curves are shown. As a general remark, we observe
- È S31 È
2
- È S41 È
2
- È S21 È
2
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FIG. 6: (color online) Upper panel: −|S21|
2, −|S31|
2, −|S41|
2
as a function of the side-gate voltage ug. The junction pa-
rameters are: γsp = 0.4, γsf = 0.1, ρ0u = 3. Lower panel:
−|S31|
2 as a function of the side-gate voltage ug . The differ-
ent curves are obtained by fixing γsp = 0.4 and ρ0u = 3, while
setting the spin-flipping strength to γsf = 0 (top curve), 0.05,
0.1, 0.15 (bottom curve).
that all the non-local correlations shown in Fig. 6 are
negative. This is consistent with the fact that in ther-
mal equilibrium and at vanishing frequency Ω → 0, not
only the particles flux is conserved but also its fluctua-
tion. Since an increasing flux at one terminal must be
compensated by a decreasing of the current at another
terminal, non-local correlations must be negative (or at
best zero). This argument fails under special conditions
only in case of a bosonic system.
In the upper panel of Fig. 6 we show −|S21|2, −|S31|2,
−|S41|2 as a function of the side-gate voltage ug, while
fixing the remaining parameters as γsp = 0.4, γsf = 0.1,
ρ0u = 3. Thus we expect that, under Coulomb blockade
regime (ug = −3), the non-local correlations S(th)ij /SUth
present a maximum or a minimum depending on the
couple of terminals considered. This behavior is directly
related to the scattering amplitudes dependence on the
side-gate voltage. Indeed, the amplitude |S41|2 is of or-
der of one far from the Coulomb blockade region, while
it is reduced when the Coulomb blockade is reached. Un-
der the latter condition, the amplitudes |S31|2 ∼ γ2sf and
|S21|2 ∼ γ2sp are fed in order to preserve the charge con-
servation law. The dependence of S(th)31 /SUth = −|S31|2
on the spin-flipping tunneling rate γsf is shown in the
lower panel of Fig. 6. In that figure, the S(th)31 /SUth vs
ug curves present a minimum for ug = −3 (Coulomb
Blockade regime) which becomes deeper when the value
of γsf is increased. Since S(th)31 = 0 for γsf = 0, non-local
correlations provide a direct measure of the spin-orbit in-
teraction reactivation in the QPC region.
Thus an accurate analysis of the thermal fluctuations al-
lows a complete characterization of the junction parame-
ters and put in evidence the helical nature of the system.
D. Transport fluctuations
We now consider current fluctuations in the presence of
a steady state current and assume the zero-temperature
limit. This regime is suitable for characterizing the
non-equilibrium topological phase at the mK tempera-
ture range. Under these assumptions and considering
the low-frequency regime Ω → 0, the diagonal terms
Fii(0) ∝ kBT of the integral function in Eq. (30) are neg-
ligible and thus the transport fluctuations can be written
as
S(tr)ij ≡ Sij(Ω = 0) =
e2
h
∑
mn
S∗imSjmS
∗
jnSinFmn(0),
(34)
where Fmn(0) is well approximated by the expression
Fmn(0) = |e|
[
−Vm − Vn − 2 min(−Vm,−Vn)
]
. (35)
Once again we recall that Eq. (34) is non-linear with
respect to the applied bias due to the hidden bias depen-
dence of the scattering matrix, while the low-frequency
correlations sum rule
∑
ij S(tr)ij = 0 has been numeri-
cally verified with accuracy within the numerical error (∼
10−16 in dimensionless units). The statistical properties
of current fluctuations in the ith lead can be described
by introducing the Fano factor Fi = S(tr)ii /(2|e||I(i)ch |).
Fano factor of 1 indicates Poissonian fluctuation pro-
cesses, while sub-Poissonian (super-Poissonian) fluctua-
tions are characterized by Fi < 1 (Fi > 1). Within the
crossed bias configuration (i.e. V1 = V3 = 0, V2 = V/2
and V4 = −V/2) here considered, introducing the no-
tation Tij = |Sij |2, one can explicitly derive the Fano
factors which have the following expressions:
F1 =
T12(1− T12) + T14(1− T14)
T14 − T12
F2 =
T24(1− T24)
1 + T24
. (36)
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They depend on the applied bias V and on the side-
gate voltage ug via the scattering amplitudes Tij . In
Fig. 7 we plot the Fano factor characterizing the fluctu-
ation processes of the lead 1 (upper panel) and 2 (lower
panel) as a function of the side-gate voltage ug and by
fixing the junction parameters as done in Fig. 3. The
different curves both in the upper and lower panel are
computed taking bias voltages eV/∆ = 0.25, 0.5, 0.75,
respectively. The upper panel of Fig. 7 shows that by
eVD=0.25
0.5
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-4.0 -3.5 -3.0 -2.5 -2.0
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FIG. 7: (color online) Upper panel: F1 vs ug curves computed
assuming junction parameters: γsp = 0.4, γsf = 0.1, ρ0u = 3
(as fixed in Fig. 3). The horizontal line F1 = 1 is a guide for
the eyes indicating the Fano factor of a Poissonian process
for comparison. Lower panel: F2 vs ug computed by setting
the junction parameters as in the upper panel. The different
curves in the upper and lower panel refer to different values
of applied voltage: eV/∆ = 0.25, 0.5, 0.75.
tuning the side-gate voltage within the Coulomb block-
ade region a super-Poissonian noise is observed with a
strong enhancement of the Fano factor up to a value of
5. Sub-Poissonian fluctuations are instead detected out-
side the blockade region. The Coulomb blockade regime
can be overcome by using the side-gate voltage or by in-
creasing the applied voltage bias. The Fano factor F2 as-
sociated to the fluctuation in the lead 2 (see lower panel)
is instead quite insensitive to the effect of ug which only
produces a moderate increase of a sub-Poissonian Fano
factor when the Coulomb blockade region is reached. The
occurrence of super-Poissonian noise can be ascribed to
different mechanisms even though, in all the cases, the
Coulomb blockade physics seems to be fundamental for
the shot noise enhancement38–42. In the lead 1 two con-
ditions favorable to the shot-noise enhancement are ver-
ified: (i) two channels, with different transparencies, are
available for transport, i.e. the paths linking the couple
of electrodes 1− 2 and 1 − 4; (ii) the Coulomb blockade
regime makes the tunneling events correlated and thus
the electrons are transferred in bunches when transport
takes place through the more transparent channel.
On the other hand, the charge current in the lead 2
presents an ohmic behavior coming from the interaction
of an open channel (carrying a current e
2
h
V
2 ) with a low-
transparency channel (carrying a current e
2
h
V
2 T24). The
open channel does not contribute to the current fluctu-
ations, while the opaque one is responsible for the sub-
Poissonian value of F2 since T24 ∼ γ2sf ≪ 1.
From the experimental side, it has been reported in
Ref. [42] that the presence of coexisting current paths,
namely a hopping (diffusive) path in parallel with a reso-
nant tunneling process, hampers the manifestation of an
enhanced Fano factor. In that case, the measured Fano
factor F results from a weighted average of the diffusive
Fano factor FB ∼ 0.33, associated to the hopping back-
ground, and of the Fano factor FRT describing the res-
onant tunneling process (FRT ≈ 8). When the diffusive
and the resonant channels contribute equally to the cur-
rent, the measured Fano factor F is near equal to FRT /2,
while a further reduction of F is expected if the diffu-
sive path dominates the transport. The latter situation,
however, appears favored in devices with large transverse
dimension (W ∼ 20 µm in the case of Ref. [42]) where
the presence of diffusive channels alternative to the direct
tunneling transmission cannot be excluded. On the other
hand, the possibility to observe effective Fano factors of
order 10 is supported by Ref. [39] where edge-channel
transport with quantized conductance νe2/h has been
induced by using high magnetic field in the range 9-11
T. Thus, in our opinion, the Fano factor enhancement
here reported can in principle be detected in a topologi-
cal corner junction where the presence of diffusive effects
should be limited by the insulating bulk of the topologi-
cal insulator. Within the QPC region, however, the pres-
ence of impurity states coupled to the edge-channels can
provide diffusive links which lower the effective Fano fac-
tor. For the above reasons, experimental investigations
are required in order to clarify the role of the topologi-
cal protection in promoting super-Poissonian fluctuations
with giant Fano factor in Coulomb blockade regime.
E. Non-local Transport fluctuations
Here we report the analysis of the non-local current
correlations assuming the zero temperature limit. Start-
ing from Eq. (34), we derive the expressions of S(tr)12 , S(tr)13
11
and S(tr)14 as a function of the scattering matrix elements:
S(tr)12 =
e3|V |
h
Re
{
S13S
∗
23S
∗
14S24
}
S(tr)13 = 2
e3|V |
h
Re
{
S14S
∗
34S
∗
12S32
}
S(tr)14 =
e3|V |
h
Re
{
S13S
∗
43S
∗
12S42
}
. (37)
These correlation functions present non-linear depen-
dence on the applied bias V (encoded within the scat-
tering matrix elements) and contain information on the
tunneling amplitude renormalization in Coulomb block-
ade regime. In the absence of charging effects and for
ug = 0 (u1 = u2 = 0) Eqs. (37) can be written in closed
form in terms of the bare junction parameters γsp and
γsf according to the following expressions:
S(tr)12 = −4
e3|V |
h
(1− Γ2)2γ2sf
(1 + Γ2)4
S(tr)13 = −8
e3|V |
h
(1− Γ2)2γ2sp
(1 + Γ2)4
S(tr)14 = −16
e3|V |
h
(γspγsf )
2
(1 + Γ2)4
, (38)
where the notation Γ2 = γ2sp + γ
2
sf has been introduced.
Eqs. (38) show that in the absence of spin-flipping tun-
neling, i.e. for γsf = 0, the only non-vanishing cor-
relation is S(tr)13 , being S(tr)12 = S(tr)14 = 0. Since the
above observation remains true also in the case of non-
vanishing Coulomb interaction, studying the non-local
current correlations provides the opportunity to further
characterize the junction and, in particular, allows the
detection of the spin-orbit interaction reactivation in
the constriction region. For corner junctions charac-
terized by a moderate reactivation of the spin-orbit ef-
fect (γsp > γsf ), since S(tr)12 ∼ γ2sf , S(tr)13 ∼ γ2sp and
S(tr)14 ∼ (γspγsf )2, the above equations predict the fol-
lowing relation among the strengths of the correlation
functions: |S(tr)13 | > |S(tr)12 | > |S(tr)14 |.
Moreover the non-local correlations contain information
on the Coulomb blockade regime and on the tunneling
amplitudes renormalization due to the interaction. This
analysis is performed in Fig. 8 where the correlation func-
tions (in unit of e2∆bulk/(2h)) S(tr)12 , S(tr)13 , and S(tr)14
are shown as a function of the applied bias eV/∆ and
of the side-gate voltage ug. In particular, all the cor-
relation functions show negative values and present a
double-minimum structure within the Coulomb blockade
region. The two minima are located at eV/∆ ≈ ±0.5
and ug = −3, the latter bias configuration defining the
edge of the Coulomb blockade region. Thus, the absolute
value of the non-local correlations is maximized when the
Coulomb blockade regime is going to be overcome (see
Fig. 2). Interestingly, the presence of the two minima
in the correlation functions is directly related to the in-
teraction and its renormalization effect on the tunneling
amplitudes. This is supported by the fact that, in the ab-
sence of charging effects, the correlation functions present
a bias dependence proportional to −|V | [see Eqs. (38)]
which does not allow the presence of minima. Moreover,
Figs. 8 confirm the relation |S(tr)13 | > |S(tr)12 | > |S(tr)14 |
which maintains its validity also in the presence of charg-
ing effects.
V. CONCLUSIONS
We theoretically studied the transport properties of a
corner-junction realized by using a two-dimensional topo-
logical insulator shaped in the form of a four-terminal
QPC. The Coulomb interaction effects, at mean field
level, and the reactivation of the spin-orbit coupling due
to the tight confinement of the electron densities within
the QPC region are taken into account by implement-
ing a self-consistent scattering field theory able to cap-
ture the Coulomb blockade physics. In this framework,
the charging effects are described by a low-energy scat-
tering matrix parametrized by two self-consistent pa-
rameters, namely u1 and u2, and the resulting theo-
retical approach takes simultaneously into account non-
equilibrium effects and Coulomb blockade physics be-
yond the linear response regime. Assuming a crossed-
bias configuration (V1 = V3 = 0 and V2 = −V4 = V/2),
we studied the current-voltage characteristics of the de-
vice and the current-current local and non-local corre-
lations (noise). The dc transport of the device shows a
Coulomb blockade regime which can be removed by using
the side-gate and the bias voltage, while the differential
conductance presents a structure reminiscent of a single
Coulomb diamond whose extension along the side-gate
axis is proportional to the interaction value ρ0u. Con-
cerning the fluctuation properties of the current flowing
through the device, we studied the thermal noise and the
transport noise. It has been proven that the (local) ther-
mal noise takes the universal value SUth = 4kBT (e
2/h) be-
low a gap-dependent characteristic temperature T ∗, the
latter property being relevant in discriminating devices
with helical properties. The non-local thermal fluctua-
tions contain instead important information on the tun-
neling amplitudes and thus can help in characterizing the
junction properties. The Coulomb blockade region has
been further characterized by evaluating the Fano factor
which provides a measure of the transport fluctuations
in a given electrode. It has been found a sub-Poissonian
character of the fluctuation outside the Coulomb block-
ade region and a super-Poissonian value of the Fano fac-
tor as the effect of the blockade imposed by the charging
energy within the QPC. The non-local transport fluc-
tuations exhibit a double-minimum structure as a func-
tion of the applied bias. The double-minimum is pecu-
liar of a non-vanishing Coulomb interaction within the
QPC and thus is not present when the charging energy
of the constriction is neglected. The theory presented in
this work contains all the relevant ingredients needed to
12
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FIG. 8: (color online) Correlation functions (in unit of e2∆bulk/(2h)) S
(tr)
12 (left panel), S
(tr)
13 (middle panel), and S
(tr)
14 (right
panel) as a function of the applied bias eV/∆ and of the side-gate voltage ug. The junction parameters are fixed as follows:
γsp = 0.4, γsf = 0.1 and ρ0u = 3.
describe the transport properties of a corner-junction re-
alized using helical matter (i.e. a topological insulator)
and allows a direct comparison with forthcoming exper-
imental works. The experimental implementation of our
proposal presents similar difficulties of the ones described
in Ref. [39] even though the topological corner-junction
setup does not require the use of high magnetic fields to
induce edge states, the latter being an important simpli-
fication of the experimental situation. Finally, it’s worth
mentioning that the universal nature of the thermal fluc-
tuation of a corner-junction realized using helical mat-
ter can be an important signature to probe the emer-
gence of a topological phase at cryogenic temperatures
(few Kelvins). The latter point appears to be even more
important in testing topological properties of the next-
generation room temperature topological insulators36.
Appendix A: M Matrix
The explicit expression of the M matrix in terms of the scattering matrix elements takes the following form:
M = −uρ0
4
( |S21|2 + |S31|2 1 + |S32|2 1 + |S23|2 |S24|2 + |S34|2
1 + |S41|2 |S12|2 + |S42|2 |S13|2 + |S43|2 1 + |S14|2
)
. (A1)
Appendix B: Scattering matrix
The explicit expression of the scattering matrix S[u1, u2, γsp, γsf ] in terms of the bare tunneling amplitudes γsp/sf
and of the self-consistency potentials u1/2 takes the following form:


0 − 2iγsp
1+i(u1+u2)−u1u2+γ2sp+γ2sf
2iγsf
1+i(u1+u2)−u1u2+γ2sp+γ2sf
1+i(u1−u2)+u1u2−γ2sp−γ2sf
1+i(u1+u2)−u1u2+γ2sp+γ2sf
− 2iγsp
1+i(u1+u2)−u1u2+γ2sp+γ2sf
0
1−i(u1−u2)+u1u2−γ2sp−γ2sf
1+i(u1+u2)−u1u2+γ2sp+γ2sf
2iγsf
1+i(u1+u2)−u1u2+γ2sp+γ2sf
− 2iγsf
1+i(u1+u2)−u1u2+γ2sp+γ2sf
1−i(u1−u2)+u1u2−γ2sp−γ2sf
1+i(u1+u2)−u1u2+γ2sp+γ2sf
0 − 2iγsp
1+i(u1+u2)−u1u2+γ2sp+γ2sf
1+i(u1−u2)+u1u2−γ2sp−γ2sf
1+i(u1+u2)−u1u2+γ2sp+γ2sf
− 2iγsf
1+i(u1+u2)−u1u2+γ2sp+γ2sf
− 2iγsp
1+i(u1+u2)−u1u2+γ2sp+γ2sf
0


.
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